


















Kaluza-Klein Higher Derivative Induced Gravity
W. F. Kao
Institute of Physics, Chiao Tung University, Hsinchu, Taiwan
Kaluza-Klein higher derivative induced gravity is studied for its application in the inflationary
universe. The stability of an inflationary solution in aD+4-dimensional anisotropic space is analyzed
carefully. We show that there is two nontrivial constraints derived from the static assumptions on
the D-dimensional scale factor d and scalar field ψ. We find that a physical inflationary solution
is consistent with the above constraints. In addition, a compact formula for the non-redundant
4 + D dimensional Friedmann equation is also derived for convenience. Possible implications are
also discussed in this paper.
PACS numbers: 98.80.Cq; 04.20.-q; 04.50.+h; 04.20.Cv
I. INTRODUCTION
Higher derivative terms should be important for the physics near the Planck scale [1, 2]. For example, higher-
order corrections derived from the quantum gravity or the string theory [3] have been considered in the study of the
inflationary universe [4, 5]. Higher derivative terms also arise as quantum corrections to matter fields [3]. Moreover,
the stability analysis of pure higher-derivative models was shown in Ref. [2].
On the other hand, Kaluza-Klein theory [6, 7] is also important in the study of the evolution of the early universe.
This is because that the dimensional-reduction process could affect the process of inflation significantly.
Induced gravity models have been studied for a long time. Weyl started to proposed that scale invariant theory
has to do with the unification of gauge field and gravitational field. In addition, Dirac’s large number theory asserts
that all dimensionful parameters in physical theory are in fact dynamical variables that changes with the evolution
time. Various interesting models have ever since been a focus of research interests. In addition brane universe induced
gravity has also been a focus of interest lately [8].
In this paper, we are going to study a N = 4+D dimensional Kaluza-Klein higher derivative induced gravity model
with all N -dimensional coupling constants replaced by appropriate scale-dependent fields. We will be able to show
that a constant internal-space solution will give rise to a nontrivial constraint to the field equations. In addition,
there is also another constraint derived from the assumption of constant internal scale-dependent scalar field ψ. Both
constraints will give two additional constraints to the field equations. Totally four constraints will be shown to be
consistent with the inflationary solution in this model. Such inflationary phase will be shown to induce a brief period
of inflationary process when the symmetry breaking potential is close to a special condition φ∂φV = 4V .
In fact, one will soon show that there are four constraints to be imposed on the choice of three different coupling
constants coupled to the higher curvature terms. Note that, in four-dimensional space, E = RλµνρR
λµνρ−4Rµν Rµν+
R2 is the integrand of the Gauss-Bonnet term [9]. In addition, Weyl tensor [9] connects these fourth-order curvature
terms in four-dimensional space. Hence one only needs to deal with R2 term in four-dimensional space. This is
not true in higher dimensional spaces. Therefore, one have to deal with all three different fourth-order terms in N -
dimension. Hence equations of motion for the higher-derivative Kaluza-Klein induced gravity theory[11, 11, 12, 13] are
much more complicate than the four-dimensional higher-derivative gravity. In fact, we will show that the mentioned
abundant constraints are not only consistent but also give rise to an interesting result that only the R2 coupling term
is consistent with the inflationary solution we are going to study in this paper. Possible implications will also be
discussed in this paper.
In order to reduce the complication of the derivation of field equations, we will also derive a compact expression
for the Friedmann equation [10] in a (4 +D)-dimensional space in this paper. The redundancy of the associated field
equations due to the Bianchi Identity will also be analyzed. It turns out that higher-order terms will not affect the
Friedmann equation in a constant flat internal space scale factor d(t).
This paper will be organized as follows: (i) In section II, we will introduce the Kaluza-Klein higher derivative
gravity model with all dimensionful parameters replaced by appropriate dynamical fields. The constraint derived
from the constant ψ field will be obtained in this section. (ii) We will derive a model-independent expression for the
N -dimensional generalized Friedmann equation in the higher-dimensional higher-derivative theory in this section III.
These formulae are derived from an reduced one-dimensional theory. (iii) We will discuss the stability conditions for
an inflationary solution in the induced-gravity theory in section IV. (iv) Finally, we will draw a few conclusions in
section V.
2II. KALUZA-KLEIN HIGHER DERIVATIVE INDUCED GRAVITY










with the 4-dimensional relevant higher derivative induced gravity Lagrangian L given by:
L = L1 + L2 + Lφ = − ǫ
2




Aφ− V (φ) (2)
Here L1 ≡ −ǫφ2R/2, L2 ≡ −c1(RABCD)2 − c2(RAB)2 − c3R2, and Lφ ≡ −(∂φ)2/2 − V (φ) denote the induced
Einstein-Hilbert Lagrangian, higher derivative terms, and the scalar field Lagrangian. Note that induced gravity
proposes that all dimensionful parameters are dynamical variables. Therefore all coupling constants in this models, ǫ




is invariant under the global scale transformation: g′AB = Λ
−2gAB, φ
′ = Λφ ,ψ′ = Λψ in the absence of the potential V
unless V (φ) ∼ φ4. Here Λ = constant denotes the global scale transformation parameter. For a practical application,
one needs to introduce a symmetry breaking so that a physical scale can be picked up. As a result a physical inflationary
solution can be managed. In addition, it is easy to observe from the scale transformation that ψ is introduced
to compensate the transformation properties of the internal D-space. In deed, ψDdDz is made dimensionless by
construction.









D∂Aψ) = 0. (4)
One expects that the ψ field will become a function of internal space coordinate z only after compactification takes
place. Consequently, this internal space scalar field will not affect the 4-dimensional physical universe thereafter.
For simplicity, one will assume that a constant solution ψ = constant is adopted so that the constant ψ field can be
absorbed into the internal coordinate y by a proper re-scaling of the internal space coordinate z. As a result, the ψ
field will decouple from the 4-space completely after the compactification process is completed. The remaining impact
of this solution is an additional constraint L = 0 to be made compatible with the compactified 4-space we will be
interested in.
Therefore, one can focus on the 4+D-dimensional model given by the effective Lagrangian density L prescribed by
Eq. (2). We will study the model (2) with an additional constraint L = 0 to be imposed later. In fact, one will show
show that the constraint L = 0 is consistent with the inflationary phase giving rise to certain interesting constraints
of the coupling constants ci. We will further study the stability of this inflationary solution and find some interesting
implication of this Kaluza-Klein induced gravity model.
Note that, throughout this paper, the curvature tensor RDABC(gAB) will be defined by the following equation
[DA, DB]AC = R
D
CBAAD. (5)
Accordingly, one has RDABC = −∂CΓDAB − ΓEABΓDCE − (B ↔ C). Here ΓCAB denotes the Christoffel symbol (or spin
connection of the covariant derivative, i.e. DAAB ≡ ∂AAB − ΓCABAC). To be more specific, ΓCAB = 12gCD(∂AgDB +




And the scalar curvature R is defined as the trace of the Ricci tensor R ≡ gABRAB. Also, one defines the Einstein
tensor according to GAB ≡ 12gABR−RAB
The Euler-Lagrange equation of the system can be obtained with the variation of the 4 + D-dimensional metric
gAB. We will write it as
HAB = GAB −TAB = 0. (7)
3The derivation is very complicate and require special care in the derivations. Fortunately, when we are interested in
the 4+D-dimensional FRW space, the dynamical variables reduce to a one-dimensional set of variables a(t) and d(t)
and φ(t).
Note that we will use bold-faced notation (e.g. R) to denote field variable in N(= 4 +D)-dimensional space. In
addition, normal notations will denote field variable evaluated in the 4 orD-dimensional spaces as the compactification
process MN →M4 ×MD takes places. Here M4 is the four dimensional Friedmann-Robertson-Walker (FRW) space
and MD is the compactified internal space. We will assume that MD is the D dimensional FRW space for simplicity.
Note that the metric of the 4+D-dimensional FRW anisotropic space MN is given by
ds2 ≡ gABdZAdZB ≡ gµνdxµdxν + fmndzmdzn (8)
= −dt2 + a2(t)
( dr2









Here dpΩ is the solid angle dpΩ = dθ1
2 + sin2θ1 dθ2
2 + · · · + sin2 θ1 sin2 θ2 · · · sin2 θp−3dθ2p−2 and k1, k2 = 0,±1
stand for a flat, closed or open universe respectively. Note that we will also write gij = a
2hij and gmn = d
2hmn for
convenience. Note that θi is the phase angle of the D-dimensional spherical coordinate. For example, one should
write
z1 = z sin θ1 sin θ2 · · · sin θD−2. (10)
Note that we have used N -dimensional space-time coordinate as ZA → (xµ, zm) for A(= 0, 1, · · · , N − 1), µ(=
0, 1, 2, 3), and m(= 1, 2, · · · , D) denoting the N , 4, and D-dimensional space-time indices. Therefore, capital Roman
letters A,B,C, · · · will denote N dimensional indices. In addition, Greek letters will denote 4-indices while the second
half of the Roman letters will denote D-dimensional space-time indices. Here we have assumed that the internal space
(z) is independent of the external space (x). The only dependence on t is through the scale factor d(t).
In principle, one should be able to bring the Lagrangian L( gAB(a(t), d(t)), φ(t) )→ Lr( a(t), d(t), φ(t) ). Hopefully,
the final expression of the Euler-Lagrange equations can be derived from the variation of Lr with respect to the
dynamical variables a(t) and d(t) and φ(t).
If this is indeed applicable, one can derived the field equations more easily. One will show that there is a little
problem with this derivation. Fortunately, one can reconstruct the non-redundant Friedmann equation by restoring
the gtt variable. In a moment, one will derive a set of compact formulae for this reduced Lagrangian Lr. For simplicity,
we will drop the subscript r in Lr for simplicity and economics of notations.
Note also that the Bianchi identity DMG
MN = 0 and the energy-momentum conservation law DMT
MN = 0 implies
that DMH
MN = 0. The tt component of this Bianchi identity can be brought to the following form:
(∂t + 3H +DI)Htt + 3a
2HH3 +Dd
2IHD = 0. (11)
Here Hij = Hn−1hij . Since we need only two field equations for the system of a(t) and d(t). Therefore, one of the
three field equations Htt = 0, H3 = 0 and HD = 0 is presumedly redundant. But they are not equally redundant.
Let us first assume that H 6= 0 I ≡ d˙/d 6= 0 for simplicity. Indeed, the Bianchi identity implies that the first equation
Htt = 0 is truly non-redundant: (i) Htt = 0 implies that 3a
2HH3 + Dd
2IHD = 0 for all time. Hence imposing
additionally either H3 = 0 or HD = 0 will imply the vanishing of the other equation HD = 0 or H3 = 0. (ii)
H3 = HD = 0 implies that (d/dt + 3H + DI)DL = 0. Hence one should have Htt = constant exp[−a3dD] which
does not go to zero unless a3dD → ∞. Cases (i) and (ii) mean that the Friedmann equation Htt = 0 is unique and
non-redundant while H3 = 0 and HD = 0 are equally redundant. Therefore, one can ignore either one of equation
without losing any information. This is, however, not true under the condition where d =constant, or I ≡ d˙/d = 0.
As indicated by Eq. (11), one has instead
(d/dt+ 3H)H¯tt = H3H¯3 (12)
under this condition. Here we have written H¯ ≡ HttI = 0 and similarly for H¯3. Therefore, the reduced Bianchi
Identity (12) only tells us that H¯3 = 0 is redundant to the Friedman equation H¯tt = 0 under the constraint I = 0.
In fact, the d-equation or the a-equation has to be retained for a consistent check in order to make sure whether the
system accommodate a constant d solution. This point is often overlooked and should be carefully addressed in the
analyze of the Kaluza-Klein theory with a constant internal-space solutions.
III. GENERALIZED FRIEDMANN EQUATION IN ONE-DIMENSIONAL FORMULATION
In order to derive the non-redundant Friedmann equation from the reduced Lagrangian, one needs to restore the
gtt dependence of the reduced Lagrangian L. Indeed, the H
tt comes from the variation of L with respect to gtt,
4δL/δgtt ∼ ǫφ2Htt/2. Hence the most convenient way to restore the gtt dependence of the reduced Lagrangian L is
to introduce a new variables b(t) as a lapse function coupled to gtt metric component:
ds2 ≡ gABdZAdZB ≡ gµνdxµdxν + fmndzmdzn (13)
= −b(t)2dt2 + a2(t)
( dr2









This metric will be called as generalized FRW (GFRW) metric for the 4+D anisotropic space. Once the non-redundant
Friedmann equation is derived from the variation of L with respect to b, one can set b = 1 and reconstruct the b-
independent Friedmann equation.











Here ∂µβ ≡ ∂µd/d with a non-vanishing t-component. Hence, we will write I = ∂tβ for convenience from now on.

















[IB˙ + 2B(I˙ + I2)]δmn , (21)







q − δmq δnp ). (23)
Accordingly, one can also derive the related Ricci tensors RAB and scalar curvature tensors R straightforwardly.
Note that there is an dependence of b(t) in the square-root determinate of the metric
√
g ∼ ba3dD. Hence the













+ I(3H +DI)− I˙]δL
δI˙
= φ˙2. (24)
Note that the last term φ˙2 comes from the kinetic term of the scalar Lagrangian. Indeed, one has additionally a
coupling −gtt(φ˙)2/2 = b−2(φ˙)2/2 as the kinetic term for φ. This will bring us an additional φ˙2 to the left hand side
of Eq. (24). This term will be present if there is no such kinetic coupling for the scalar field φ.
In fact, Eq. (24) holds for all generalization of the Hilbert-Einstein action of curvature couplings. We derive this
simple expression for the Friedmann equation partly because most complication aries from the complicate structures
of various combination of the curvature tensor. The effect due to Kalb-Ramond field and scalar field and fermion
couplings are comparably easy to handle. For example, one only need to add the effect of additional b coupling in
these fields.
In addition, variational equations of a and d also give
3L−H δL
δH
+ (H2 − H˙) δL
δH˙
− (2H +DI + d
dt













+ (I2 − I˙)δL
δI˙
− (3H + (D − 1)I + d
dt











Note that above equations also hold in the presence of the scalar coupling once we assume φ(Z) = φ(t). One of the
advantage of the simple expression of these equations is that it works for any generalization and extended models
with all sorts of field coupled to the system including the induced coupling φ2R. All necessary integration by part of
occurred in the variation of RAB has been taken care of in a clean way shown above. As a result, one only need to
carry out a few simple algebraic computation in order to derive the correct field equation of the system. Lots of effort
can be saved when one tries to generalize the symmetries of any physical models.
5We will first study a simple model which has a constant d solution. This is a physical solution to adopt since the
internal space seems to be remaining small from any physical observation up to now. As shown above, the Bianchi
identity indicates that the second a-equation (25) is implied implicity by the first Friedmann equation (24) for the
constant internal space model. Therefore, one should try to solve the system directly from analyzing both Eq.s (24)






+ 3H2 − H˙ ] δL¯
δH˙
= φ˙2, (27)















upon assuming d(t) = constant. Here a bar notation of a variable L denotes that this variable is evaluated at I = 0,
namely, L¯ ≡ L|I=0. In addition, one needs to make sure that the solution one obtained is consistent with the constraint
L¯ = 0.
IV. INFLATIONARY UNIVERSE AND ITS STABILITY PROBLEM
We will study the inflationary universe for the induced Kaluza-Klein model shown above. The effective Lagrangian
L¯ for the model L under the I = 0 condition can be shown to be
L¯ = 3ǫφ2[H˙ + 2H2]− 12(c1 + c2 + 3c3)[(H˙ +H2)2 +H4]− 12(c2 + 6c3)[(H˙ +H2)H2] + 1
2
φ˙2 − V (φ). (29)





























in the same flat space condition.
One would like to see if an inflationary solution H = H0 and I = 0 is a possible solution to the Kaluza-Klein
induced gravity model and carry out the stability analysis of this solution. The constant internal space solution is
a reasonable ansatz since internal space information appears to be minor as compared to the 4-space counter part.
One would be able to measure the impact of the internal space physics if the internal space scale factor d(t) grows
to some appreciable size. In addition, the k = 0 flat space condition is the best value one has been able to measure
today. Finally, the condition k2 = 0 is chosen simply for simplicity.
One would like to see if the H = H0 and I = 0 is possible and stable against a small perturbation H = H0+ δH . If
the inflationary phase is not stable against this perturbation, the inflationary phase can only produce a small period
of inflation and admit a nature way of exit for the inflationary phase. As a result, such model could be closely related
our physical universe with possible physical implications.























L¯ = 0 (34)
upon assuming I = 0, k1 = k2 = 0 with the last equation L¯ = 0 denoting the constraint from the constant ψ equation.
Here L¯ ≡ L|I=0. One can show that the Friedmann equation reads:
φ˙2 + ǫφ2(H˙ +H2)− 2ǫHφφ˙ = 4
[
(2c1 + 3c2 + 12c3)H
4 − (4c1 + 3c2 + 6c3)H2H˙ − 2(c1 + c2 + 3c3)(HH¨ − H˙2)
]
(35)
Note that one can add the effect of L¯ back to the Friedmann equation and write it as:
1
2
φ˙2 + V = 3ǫφ2H2 + 6ǫHφφ˙+ 12(c1 + c2 + 3c3)(H˙
2 − 2HH¨ − 6H2H˙). (36)
6In a moment, we will show that the constraint L¯ = 0 is consistent with the inflationary solution we are interested.
Therefore, one can feel free in adding/removing the effect of this term anytime. Furthermore, the φ-equation can be
shown to be
6ǫφ(H˙ + 2H2) = φ¨+ 3Hφ˙+ V ′. (37)






4(2c1 + 3c2 + 12c3)
. (38)







In addition, the first order perturbation equation of φ-equation (37) gives δH˙ + 4H0δH = 0. Hence one has
δH = exp[−4H0t]. (40)






16(c1 + c2 + 3c3)
. (41)

























respectively. Note also that, in deriving above equations, we have used the solution to δH given by Eq. (40).
One still has to impose the constraint from the internal space scalar field ψ, L¯ = 0. It is interesting to find that the
leading order perturbation equation for L¯ = 0 gives
6ǫφ20H
2
0 = V0 + 12(2c1 + 3c2 + 12c3)H
4
0 . (45)






Here we have assumed the slow-rollover approximation |φ˙/φ| ≪ H0, and |φ¨/φ| ≪ H20 . Hence these leading-order




(φ = φ0) = 4V0. (47)
Note that φ∂V/∂φ counts the effective scale-dimension of the effective potential V (φ). For example, φ∂V/∂φ = nV
if V = φn with effective dimension n. Therefore, this condition implies that the inflationary phase exists only when
the effective dimension of the effective potential is 4 near the inflationary point φ = φ0. Since V = λφ
4 represents the
scale invariant potential in 4-dimensional space, i.e. dim (λ) = 0 in 4-space, one would like to call this condition as
the scaling condition. [13].










7Hence the first order perturbation equation is observed when either Eq. (40), δH˙+4H0δH = 0, or Eq. (38) is obeyed.
Hence the additional ψ constraint is consistent with the inflationary phase solution one introduced here.
These equations impose strong constraints on field parameters that could admit an inflationary solution. Therefore,
one shows that the consistency of the perturbation equations gives us four different expressions (38, 41,43,44) for H2
0
.







which is consistent with earlier constraint if c1 = c2 = 0.
V. CONSTRAINT AND CONCLUSION
One has shown that the idea of induced gravity in the internal space signified by the scalar field ψ = constant works
harmonically with the Kaluza-Klein inflationary universe under a specific constraint c1 = c2 = 0. This imposes a
strong constraint on the reduced 4-dimensional geometry. Indeed, according to the Gauss-Bonnet theorem, one would
have an effective 4-dimensional induced gravity model given by:
L = − ǫ
2
φ2R − c3R2 − 1
2
∂µφ∂
µφ− V (φ) (50)
In the absence of the higher derivative terms, equation (49) will not be present. Therefore, one will not have the
constraint (49) without incorporating higher derivative terms. Moreover, equation (40) indicates that inflation tends
to stabilize the inflationary phase under the scaling condition (47). Note that the equation (49) is the extra constraint
derived from the higher derivative term under the slow rollover approximation. This indicates that the gravitational
constant (ǫφ2
0
/2) is related to the Hubble constant during the inflationary phase. Therefore, a physically acceptable
inflationary induced gravity model will be affected significantly by the presence of the higher derivative terms with
the scaling condition.
In addition, the first order perturbation equation shows that the inflationary solution is indeed stable against the
perturbation on H . Therefore, the inflation will remain effective for at least a brief moment where φ changes slowly.
Note also that the φ equation states that
φ¨+ 3H0φ˙ ∼ 0
during the period where H ∼ H0. This gives
φ ∼ φ0 + φ˙0
3H0
[1− exp(−3H0t)]. (51)
Therefore, the slow rollover-approximation is indeed consistent with the field equation.
In short, if the initial data satisfies the scaling condition, the system will undergo a strong inflationary process
and remains stable for a long period of time before the scalar field rolls off the scaling limit. Therefore, these two
kinds of initial data will lead to different constraint on the field parameters in order to support physically acceptable
inflationary solution. In this paper, we will focus on the possibility that the initial data of the effective theory obeys
the scaling condition.
If the scale factor a(t) is capable of expanding some 60 e-fold in a time interval of roughly ∆T ∼ 108 Planck unit,
the Hubble constant should be of the order H2
0
∼ 10−6 in Planck unit. Assuming that an slow-rollover phase exit for
a prescribed symmetry breaking potential that φ remains close to the scaling limit for a brief period of time ∆T , one
would have a physical solution for the inflationary mechanism with a natural graceful exit. For example, models with
a symmetry breaking potential V have been discussed earlier.
For example, we can consider the following effective symmetry-breaking potential [13] consistent with the Eq.s (46,












This is the form of the most general extended φ4 SSB potential that could admit a stable inflationary solution. The
minimum of this potential is at φ2 = φ2m ≡ (1 − ǫ2/4c3λ)φ20. Therefore, the scalar field will eventually falls off the
scaling conditions reaching its true minimum. As a result the system will have a natural mechanism of grace exit.
8As we have mentioned earlier that there is only one physical higher derivative term R2 term in the four-D theory.
Indeed, in four-dimensional space, E = Rλµνρ R
λµνρ − 4Rµν Rµν + R2 is the integrand of the Gauss-Bonnet term
[9]. In addition, Weyl tensor [9] connects these fourth-order curvature terms in four-dimensional space. Hence one
only needs to deal with R2 term in four-dimensional space. This is in general not true in higher dimensional spaces.
We have shown however that the mentioned abundant constraints are not only consistent but also give rise to an
interesting result that only the R2 coupling term is consistent with the inflationary solution we discussed in this
section.
The abundant constraints are derived from two assumptions: (i) ψ(z) = constant, (ii) d(t) = constant. These two
assumptions are adopted partly from the fact that they are both not appreciable in the four dimensional physical
universe observed today. Hence it is reasonable to freeze their dynamics at certain stage of the evolutionary process.
The unexpected consistency, shown in this paper, applied to the abundant constraints from these assumptions implied
that these assumptions are in fact rather reliable. Even we are not able to provide a dynamical reason for these
assumptions from first principle, compatibility of these assumptions with the inflationary four space does call attention
to its possible physical applications.
The presence of a constant internal space puts two additional constraints on the parameters ci for the corresponding
higher dimensional higher derivative induced-gravity model. These constraints are derived from stability conditions
of the leading-order and first-order perturbation equations. Therefore, one finds that the coefficients c1 = c2 = 0 with
only one degree of freedom left over. The result is that the higher dimensional contribution of a constant flat internal
space and the constraints derived from the constant ψ imply an interesting modification to the field equations. This
makes the Kaluza-Klein higher derivative induced gravity theory behave as the conventional four dimensional induced
higher derivative gravity in the lower-energy limit. In addition, only R2 coupling is in effect during the inflationary
phase. More attention should be addressed in the related research.
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